The Subronk of Random Tensors

Jeroen Zwddawm_

unimsiln of Amsterdam

Jaim‘ worle with Harm Dersen and Visu W'agam.



. We sdwed a prlolem  n  fensor ‘H’IEOIJ ok out
o noton called the submuR of tensors.



. We sdwd a prlolem  n  fensor ‘H’lﬂo{J ok out
o notion called the subrmul, of tensors.

. The submafe was infroduced by Strassen i ,jyf
to ﬁ&udj Jeas\— madfix ynulhp).'mh'on olp o6’ thms in CS

o onl, Has conmections to severol ploblems i woth and ,ahJs{as.



We sdwed o prlolem  n  fensor ‘H’IEOIJ ok out
o noton called the submuR of tensors.

The subrufe was inhodued by Stmssen in 197
to 6’(uer fast  matnix mulhph'(‘ah'on olp o6’ thms in CS

ond, Has connections to several ploblems i woth and phJs{as.

Our result:  We oleterming  the subomnf. )(’or "candow +ensors"/
"almost al\ tensorg"/ 3enen'c tensofs

previous bound S of Stragsen & gb'f'(rfFSSer fraw 99!



l. Subromfé, and. Appl.'cah‘ons

9. Tensor FParameters and  Their Value on Kandom Tensors
3. Subrank, of Rondom Tensors

Y. uppzr bound,
5 Lower bounol

) ingredient
b.  Tensor Space Decomp%ih'on.



| Subronk and  Applications

. . nxn
oo chafoctelizations of (anf of oo watix M e T



I. Subronf. and /‘rpplfc‘q‘rions

. . nxn
Two chafacte(izotions of rank o{: oo walix I e T
Decomposihon into Simple  wmadrices
e mifim2e
M = Z w; @V, "Create. matnx {lom idéﬂﬁ\h/"
t=1

Equiv:
M- A1 8




I. Subronf. and /‘rpplfm‘rions

o chofactenzotions of rank. a{: oo waiix W e

Decomposihon into Simple, mairces
e mifim2e
M) = Z u.; ® VI‘
Equiv:
l VV'/ = A I-r E

Graussian eliminahon

AMB = I,

R__ woimize_

pr—

nxn

"Create. matnx from ;otenh‘y "

"Create idmh'j ffom matnx "



nxnxwn

-TWo diﬁﬂ‘enJr nohons o@ ranke. D? o fensor T e ¥



-TWo diﬁcr‘em‘ nohons of b of o densor T e g

Tensor ranf 7
w\inimizel
-
Equiv:
gu\v ;
T - oVl X e me; e,




-TWo diﬁtr‘en'} nohons of b of o densor T e Frenr

Tensor ranfe 7
wu'nimizel
-
Equiv:
gu\v ;
T - UoVelW. X e;o¢; me,

Subrank.

e s amyra

_A_‘::e;we;&e,' = loVoW - T @ (T)




nxnxwnwn

-TWo o\iﬁtr@rﬂ nohons of b of o densor T e F

Tensor ranfe 7 /’rppl{cahbns
\Minivnizel . Watnx mulh'Ph'('ah'on
r .
T = D° u;®V; @ W, R(T) . Ciruit complexity
= [Raz]
Eng:

;
T - UoVelW. X e;o¢; me,
t=\

—

Subrank. - Mortr x mulln'ph'cah'on
g e o i 28

Z_fle;we;@e; = VoW - T @ ()

. Additive (owbinatonce




Matnx  ran ke

W

Subrn®

\

<\

linear combinahon
of rows and columns

IV

linear ecombinahon s

of slices in all

three dinechons
A




Aﬂoh'cah'ons of Submnle
Lt
Comp 4 Tt/\zo:\j
T e FY" ewn bilinear map T 'y 7 " s F

Q,(T) e~ number 0{3 indepu\olenl— Scalar mulh'plfcah'ons Hat
con be reveed to T



Aﬂolfcah'ons of Submnle
Lt
Comp 4 Tt/\zo:j
T e FY" ewn bilinear map T 'y 7 " s F

Q,(T) e~ number 0{3 indepu\olenl— Scalar mulh'pl{cah'ons Hat
con be reveed to T

. Quantwm Infecmakion

axnxn

TelC > Tripartite  quantuwm -Stote

RIT) e latgest *Gi2" shate obfainabte fowm T 13 SLocc



Applfcah'ons of Submnle
Lt
Comp 4 Tt/\u):j
T e FY" ewn bilinear map T 'y 7 " s F

Q,(T) e~ number o{z indepmolem— Scalar mulh'pl:’cah'ons Hat
con be redvced to T

. Quantwm Infecmakion

axnxn

TelC > Tripartite  quantuwm -Stote

RIT) e latgest *Gi2" shate obfainabte fowm T 13 SLocc

. Combinavonc $

¢ [n]x[n]x[n] ‘ﬁdperﬁmf)h, ndependience number (1) 2 @(T) Jor
MS T ok “Lies" EJ cap ders, sunflowers, comers, ...



9. TensX Parweters and Their \/a]MC on Qavdowr Tensors

nxnxin
T e T

0 @(T)

In

R(T) = n*



9. TensX Parweters and Their \/a]MC on Qavdow; Tensors

nxnxin
T e T

o R(T) € SR(T) = n = R(T)

)
S

AR (T)

GR(T)

RE(T)



Slice ronk

b
T = Z 7 woview + 2— Z w;
. =1 d'

minmile otb+c i=

|

Greomesnic Tank,

codim, {(u,v)e an'ﬂ'—'n: ¥ T (v, ):o %

SR(T)

GR(T)



T ¢ _H:_v\xnxl/\

Gawamn=

o £ @(‘[’)

SR(T)
AR (T)
GR(T)

QGCT)

In

n

IN

R(T)

IN



On
o rond
iy

R(T)

IN




2. Subronk, of Randewm. Tengors

Theorem, For odwost ol Te annxn we ﬁave, @(T) = 9(1/;'7)

Remarkes:

. “Almgj-(- auu _ “randDWl" - Smn&

nxnxn

o that is, Hhere s o non emply 2arisle-open ||, € F Such thod

for all Tell we fave @(T)<BlVh')




2. Subronk, of Randewm. Tengors

Theorem, For odwost ol Te annxn we ﬁave, @(T) = 9(1/;'7)

Remarkes:

e "Amost ol - "rondom" = Suw,n’o

nxnxn
Such thod

o that is, Here s a nom tMply Zariske-open ||, € TF
for all Tell we fave @(T)<BlVh')
. VUS precise bounds: V2n-2'-5 ¢ Q(T) < Van-2'

. vaiou)ald: @,(T) < n’)./3+o(t)



2. Subronk, of Randewm. Tengors

Theoromt, For odwost ol Te annxn wWe ﬁave, @(T) = 9(1/;'7)

Remarkes:

e "Amost ol - "rondom" = Smrio

nxnxn
Such thod

[ ]

+Hhat 15, Hure is o nom tMply Zariske-open ||, € TF
for all Tell we fave @(T)<BlVh')

Vua precise bounds : Wn-2"-5 ¢ Q(T) ¢ Van-2'
PrEVioMld-‘ @,(T) < n7./3+oL|)

Also {-706 “ﬁU‘&lf orde( {ensors
. App\icaﬁoq-. Subfank. s not adoitive under dicoct sum




\X,p(ac( bounol
®R(n) = subrank of a ﬁzneric tensor n T

Te prove: R(n) ¢ Vin-a

nxnxv



\X,p(ac( bounol

Q(n)-_: Submné, o]a a azneric tensof n —H:-ﬂxnxn
To PrOVQ: Q(_V\) '3 ’Vgn’ZI

Ce := {’oensors 10 _anr\xfl with Subank. 2 r}

Lemmor 1 @ (n) = la(‘dest c Such thab dim C, = dim F
3
n




\X,p(ac( bounol

Q(n)-_: Submné, o]a a azneric tensof n —H:-ﬂxnxn
To PrOVQ: Q(_V\) '3 ’Vgn’ZI

Ce := {’oensors 10 _anr\xfl with Subank. 2 r}

Lemmor 1 (@ (n) = la(‘dest c Such thab dim C, = |O[im + N
3
Lemmo. 2 dm C. £ n°— r(r2—3n+2) "



\X,p(ac( bounol
Q(n)-.: Submné, o]a a azneric tensof n —H:-nxnxn
To prove: R(n) e Vineg

Ce := {bensors 10 'F“x"xn with Subank. 2 r}

Lemmoar 1 @(n) = lmaest c such ok dim Cp = ldim XN

3
Lemmo. 2 dm C. £ n°— r(r2—3n+2) "
Lk = Qln).

Then n'= dim C = ng—t[£2-2n+z)_

Thum t-3n+2 < o

So t ¢ 3n-9



C. = {bensors n TV with sdbmnk r}

) 2
Lewma 2 dim Co € N —r(r*-3n+2)



Cr 1= {JOEV\SOFS 10 ’H:nx“xn with Submnk 2 ri&

. 3
Lemma 2 dm C. & n ~r(r2—3n+2>

« Nen-igective Pammeﬁ{%a’n'on of C,
- Cowpute dimension of pacameter space

. Sulbtrack dwmension of “over- count” ({iber dimension )



Cr 1= {JOBV\SOFS 10 ’H:nx“xn with Submnk 2 r:ﬁ

: 3
Lewma 2 dim Co € n"—r(c"-3n+2)

« Nen-igective Pammeﬁ{%a’n'on of C,
- Cowpute dimension of pacameter space

. Sulbtrack dwmension of “over- count” ({iber dimension )

X¢ = {tm&)rs in with [r]x[r]x[r] Subtensor arbi’rrw\] d[zy.}

We o GlaxGL, xGl,x X¢ — +
(A,B,C.T) — (A®BOC)T has fm(iz]e .

M



| ower bound,

X _ . nxnxin )
r {tmwrs N With [r]x[r]x[r] fubtensor arbifrer dly}

ru)r: GL,xGL, x GL, x X, — 4 nxnxn
(A,B,C,‘l") — (A®BOC)T has l'mgfe C



Lower bound,

X _ . nxnxin )
r {tm&ors N With [r]x[r]x[r] fubtensor arbifrer O'Iy}

ru)r: GL,xGL, x GL, x X, — 4 nxnxn
(A,B,C,T) — (A®BOC)T has l'mgje C

o Find condition thot imp\j im%je of W, fas ]('u\l dimendion
Wse notion of diflerential Ohyr



| ower bound,

X, = {tm&ors n with [F]x[r]x[r] “ubtensor arbifrer d.‘fy.}

ru)r: GL,xGL, x GL, x X, — 4 nxnxn
(A,B,C,T) — (A®BOC)T has l'mgje C

« Find condition thot imp\j im%je of V. fas ]fu\l Jinenibion
. Wse notion D-(Z di“BNWH'qu dq‘Yr \t—- +anaen+ space of Xr

(d,'l{)r)(%“ah%g'_r) : Wla*nm lea;\—nmxmwl-nm » >/r _,

(AMBC, TP ((,4@3,&33)+ (3.8®3;)+ (309,0C)) T
+ (403:29:) S .



Tensor space decompeSitions

weite tereoc 8pae TV o o sum of denior Bubspaces, o %{ciezﬁﬁ
03 possible Juth thok toch SubSpoace hos He form of an nxn mainy
tuspace bensored With "



Tensor space decompeSitions

weite tereoc 8pae TV o o sum of denior Bubspaces, o %{u’e/ﬂﬁ
03 possible Juth thok toch SubSpoace hos He form of an nxn mainy
tuspace bensored With "
X[‘—l _ _FV\® X C _FnXﬂXn
X[2] =

X ¢ Mok, 4, = FoF"

X[2= Xo&iF"



Tensor space decompeSitions

weite tereoc 8pae TV o o sum of denior Bubspaces, o %{u’e/ﬂﬁ
03 possible Juth thok toch SubSpoace hos He form of an nxn mainy
tuspace bensored With "

X € Makpy, = FoF" XIN= FoX ¢ ®# "
X[2] =
X[)= X®&F"

Theorem  There are subspaced X; € WMokg ;o dim 2 each, such that-
_ﬂ_,z;czxg = X 01+ X [2] + X [2]



Theoremt  Thene are subspaced X; SWMakyz  of dim 2 each, such that-
= S (E I S CY D O E

Note: dimendions \q{'r ord mr\/r ore a%uoll.



Theoremt  Thee are subspaced X; € WMokg;  of dim 2 each, such that-
R i I G Y X, [3] .

Note: dimendions \Q{’r ord "W ore a%uoll.

Rumae  Not P'a%\'\o\e With womees : there are no Inbgpaces
X.c " of dmmbion " each Atk Rat Fo= X I+ X 17]




Theoremt  Thee are subspaced X; € WMokg;  of dim 2 each, such that-
R i I G Y X, [3] .

Note: dimendions \q{'r ord "W ore a%uoll.

Rumae  Not P'm‘fs\'\a\e With womees : there are no Inbgpaces
X.c " of dmmbion " each Atk Rat Fo= X I+ X 17]

® n-| -
Theonemt  Thene are .subs\aacw X; Q(TF“) o{‘ Adim n" Zzar/h, Suth that

[’Fﬂ)‘bn = X\ [+ Xz [2] + ook X, ["]
A(ﬂaim dimmnsions watch .



Theoremt  Thene are subspaced X; € Mokg;  of dim 2 each, such that-
% o I e X [2] + X, 2]



Theoremt  Thene are subspaced X; € Mokg;  of dim 2 each, such that-
R i I G C Y X, [3].

| o0 oOOC
oo 0 oo |
000 (oo N
o0
[ 60O
o0 O
OO |

Ooo0O
(o |



Theoremt  Thene are subspaced X; €Woky 2 of dim 2 each, smch that
_ﬂ_,z;czxz = X, 01+ X [2] + X [&]

X, X, X3

| o O oco0Co 7[
oo O oo | ‘J////lf,:—ﬂ
00O (o) v e /._____] | c
o0
[ &0
o0 0O E
—7

OO0 |
o00
(0|




Appicakion : Submnle is not odditire under diveck duma

Theorom  There are pensors S, e T such ot R(S), B(T) £ Vin-2

wile Q(S®eT)7n.



Appicakion : Submnle is not odditire under diveck duma
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