Tensors decomposition and extension

Bernard Mourrain
Inria Méditerranée, Sophia Antipolis
Bernard.Mourrain@inria.fr

AGATES Algebraic Geometry and Complexity Theory Workshop,
14-18 November 2022




Rank of tensors

Minimal r such that the tensor is a sum of rank-1 tensors.
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Rank of tensors

Minimal r such that the tensor is a sum of rank-1 tensors.

1= Characteristic invariant of a tensor, expressing its complexity.

1 Unique rank decomposition for order > 3 and generic tensors of
subgeneric rank (symmetric case [COV'18]).

1= |ts decomposition reveals information hidden in the tensor.

i Used in many applications to recover this hidden information (signal
processing, data analysis and machine learning, phylogenetic,
chemistry, ...), to compress data and improve performance, to find
better computational methods . ..

1= How to compute a rank-revealing decomposition of a tensor ?

1 Can we compute robustly the rank ?



Matrices over K =R, C, ...

M e Km*xm = K" @ K™ is of rank r iff there exist
U e Kmxm_ '\ e K™% jnvertible and X, diagonal invertible s.t.

M=U X 0 %4
0 0
>, not unique

>, =1, for some U, V.
U, V unitary = Singular Value Decomposition
U, V are eigenvectors of M M* (resp. M*M)

Best low rank approximation from truncated SVD



Multilinear tensors
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Multilinear tensors

TeKneKreoK® = I7HEE

[

1

X
12,0 [

Mode-2

= T(xy,...,%q) multilinear in x; = (xj1,...,Xin,)

Multilinear tensor decomposition problem:

Given a multilinear polynomial T(x) of order d in the variables x = (x1,...,Xy)
with coefficients € K find a minimal decomposition of T of the form

T(x) = ujalx1) - uja(xa)
=Sl

(Equivalently T = Z,{Zl U1®: - Ujg)

The minimal r in such a decomposition is called the rank of T. 3
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Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial T of degree d in the variables

X = (X0, X1, - - -, Xn) With coefficients € K:
d
T(x) = i X,
@=Z e (o)



Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial T of degree d in the variables

X = (X0, X1, - - -, Xn) With coefficients € K:
d
T(x) = i X,
@=Z e (o)

find a minimal decomposition of v of the form

T(x) = Zwi(fi,oxo +&axa + o+ & axa)?

i=1

. —nt1 . N —
with & = (&i0,&i1,---,&n) € K" spanning disctint lines, w; € K.



Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial T of degree d in the variables

X = (X0, X1, - - -, Xn) With coefficients € K:
d
T(x) = i X,
@=Z e (o)

find a minimal decomposition of v of the form

T(x) = Zwi(fi,oxo +&axa + o+ & axa)?

i=1

. —nt1 . N —
with & = (&i0,&i1,---,&n) € K" spanning disctint lines, w; € K.

The minimal r in such a decomposition is called the rank of ).



Tensor decomposition



Sylvester approach (1851)




Sylvester approach (1851)

Theorem

The binary form T (xg,x1) = 27:0 t;(‘?)xg*"x{ can be decomposed as a
sum of r distinct powers of linear forms

B
T = Zwk(akxo + /3kX1)d
k=1



Sylvester approach (1851)

Theorem

The binary form T (xg,x1) = 27:0 t;(‘?)xg*"x{ can be decomposed as a
sum of r distinct powers of linear forms

B
T = Zwk(akxo + /3kX1)d
k=1

iff there exists a polynomial p(xo, x1) 1= pox§ + plx(;_lxl + -+ prx{ S.t.

to t1 ce t, Po
5] tri1 P1

. .| =0
tg—r ... tg—1 tg Pr

and of the form p = ¢ [];_;(Bkxo — awx1) with (e : Bx) distinct.

If ax #0, & = ii root of p(x) = >7_, pix'. 5

@
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Prony’s method (1795)

For a sequence og, 01, ...

e Compute a non-zero element p = [pog, ..., p¢] in the kernel:
ao g1 Oy Po
o1 Or+1 P1
r _0

Or—1 ... 0O2r—1 O0O2r—1 Pr




Prony’s method (1795)

For a sequence og, 01, ...

e Compute a non-zero element p = [pg, ..., p¢] in the kernel:
ao g1 Oy Po
01 Or+1 P1
=10
Or—1 ... 0O2r—1 O0O2r—1 Pr

o Compute the roots &1 = e%,..., & = €% of p(x) := > f_, pix'.



Prony’s method (1795)

For a sequence og, 01, ...

e Compute a non-zero element p = [pg, ..., p¢] in the kernel:
ao g1 Oy Po
01 Or+1 P1
=10
Or—1 ... 0O2r—1 O0O2r—1 Pr

i

o Compute the roots {1 = e°1,...,& = e of p(x) := > I, pix".
e Solve the system

1 e e 1 w1 0o
& & w2 o1
{71 Y Wy Or_1

to obtain the decomposition oy = > _7_; w;éX.




Sd(E)>|< = Sd(E*) = ]K[Xl7 600 ,Xn]d = K[X]d = Sd.
Apolar product: For f = szd fa (Z)xo‘, g= Zm‘:d 8o (g)xo‘ € 5S4,
d
<f7g>d = Z fag(x <a>
|a|=d
Dualization: For F € Sy, F* € S = Homg(Sq4,K) : p — (F, p)g

Properties:
i (£99)* = evaluation e[fd] :p € Sq— p(§)



Sd(E)>|< = Sd(E*) = ]K[Xl7 600 ,Xn]d = K[X]d = Sd.

Apolar product: For f = Z|a\:d e (Z)xo‘, g = Zla\:d 8o (d)xo‘ € Sq,

foe-Ton()

|a|=d
Dualization: For F € Sy, F* € S = Homg(Sq,K) : p—= (F, p)g
Properties:

i (£99)* = evaluation e[fd] :p € Sq— p(§)

w F=YT wiel e Sy iff Fre (el el cS;



Sd(E)>|< = Sd(E*) = ]K[Xl7 600 ,Xn]d = K[X]d = Sd.

Apolar product: For f = Z|a\:d fa (Z)xo‘, g= Zm‘:d 8o (g)xo‘ € 5S4,
d
<f7g>d = Z faga <a>
|a|=d
Dualization: For F € Sy, F* € S = Homg(Sq4,K) : p — (F, p)g
Properties:
@d\x _ ; [d] .

e (§¥9)" = evaluation e; " : p € Sq — p(¢)

r H * d d *
w F =3 wiEdd e Syiff Fr e <e£1]""’e£,]> cSy
1 Catalecticant H/é’dik: pESq_k—pxF €S}

where for i) € S, p € S, px:q € Sqy_k— ¥(pq)

(can also be def. by polarisation v € SY(E) = v® 1+ 1® v € SY(E) @ S°(E) + S°(E) ® SY(E))



Definition (Apolar ideal)
Fl=ker HM*, (FL) = Aun(F*) = (FL, k € 0:d)

= If F=3 ngj(.@d then, for p € S¥ with p(¢;) =

He ™ (p) = I % p > F1= [ wi & p() =
and !
Fir 21E)k ={peS*|p(&) =0j=1,...,r}.
w5 If V(FE) = {&,...,&} then F* € (eg,...,e¢) and F = Y, w;e®?

iz |f rank Hg_k’k = dim(eg]7 o ,e[;:]> = r for some k < d then

(P x F* 18l = d — k) = (el ..., el) = 1)



Definition (Interpolation degree ((¢3,...,&,))
min. degree of interpolation polynomials = CM regularity of /(&1,...,&,) —1

Theorem

F=Y!_ 1wl e Sqwith u(&y,. ... &) < k= [ %5L] iff
rank Hg_k’k = r and there existsb C Sy, b’ C Sy_x_1 of size r,
U,V € K™ invertible and X; diagonal s.t.

HE™ — Us; v forie Lin



Definition (Interpolation degree ((¢3,...,&,))

min. degree of interpolation polynomials = CM regularity of /(&1,...,&,) —1

Theorem
F=Y!_ 1wl e Sqwith u(&y,. ... &) < k= [ %5L] iff
rank H,‘f-/_k’k = r and there existsb C Sy, b’ C Sy_x_1 of size r,
U,V € K™ invertible and X; diagonal s.t.
HE™ — Us; v forie Lin

rank F = r

F is identifiable (unique decomp. up to perm. and scaling of &;)

5 & B

V1 = interpolation polynomials at {1, ..., &, (up to scaling)
= U = evaluations e[;*k] for i € 1:r (up to scaling)

w &= ((%))ii)jern i € Lir

w F-=1(&,...,& )k (generators of the vanishing ideal)



Symmetric tensor decomposition

F = (x0+3x1—x)" +(x0+x+x) =3 (xo+2x +2x)"
= —xp* —8xp3x1 — 24 x03x — 60 x02x02 — 168 xp2x1%0 — 12 X2 X712
—96 xgx23 — 240 X0X1X22 — 384 xofo2 + 16 xpx13 — 46 x2* — 200 xlxg’
—228 x1%x02 — 296 X3 3o + 34 x*

(F,p)a = (F*|p) where F* = ew3,—1) t€au1,1) —3€au.2.2) (by apolarity)
For b’ = {xg, x1,x},b = xob’
[ -1 -2 -6
H/I;"Xobl —2 -2 -14
| -6 —14 10
-2 -2  —14 ]
H?nb/ | -2 4 —32
—14 —32 —20 —74 —38 —50 | 14 —32 —20 |
Ll —10 —20 —24 —38 —50 —46 | T 6 —14 —10
H}Z’XZ", - | —14 -—32 -2
| -0 -20 -24




e The matrix of multiplication by szo_l in xo b’ = {x2, xox1, XXz} is
0 -2 =2
My = (szxob/)legXle s C

1

IO Rl
Niw  Niw

11



e The matrix of multiplication by szo_l in xo b’ = {x2, xox1, XXz} is
0 -2 =2
My = (szxob/)legXle s C

1

IO Rl
Niw  Niw

e Its eigenvalues are [—1, 1, 2] and the eigenvectors:

0 -2 -1

N
FNTERNTN
TSN

that is the polynomials

_[1 1 3 1 1 1
V(X)—[§X1—§X2 2xotzxatzxe —Xtizxitix

11



e The matrix of multiplication by X2XO_1 in xo b’ = {x2, xox1, XXz} is

_boxgb’\—1,bxob’
My = (H™0” )7iH, =l o0

e Its eigenvalues are [—1, 1, 2] and the eigenvectors:

0
0y 1
vi=| 1}

FNTERNTN
TSN

1
2
that is the polynomials

_[1 1 3 1 1 1
V(X)—[§X1—§X2 2xotzxatzxe —Xtizxitix

e We deduce the weights and the frequencies:

- 1 1 = Weights: 1,1, —3;
H2Y = 5 xRl =BRe
5 1% x X Frequencies: (—1,3),(1,1),(2,2).
Ix—-1 1x1 -3x2
Decomposition:
F* = ea-nteqn—3epy

F = (X0—|—3X1 —X2)4+(X0+X1 +X2)4—3 (X0+2X1 +2X2)4

11



near tensors

TeKTK?2Km = [T[,-]]fil pencil of n3 matrices of size n; x no.

Ui

/

21|

12



Decomposition of multilinear tensors

TeKTK?2Km = [T[,-]]fil pencil of n3 matrices of size n; x no.

+

et T o

For T e K"@ K" @ K™,

r
T=Y U®V,® W with U,V € K", W € K™
j=1

iff Ty = Udiag(W;1,..., W )V i€l

If Tjy inv., U = matrix of common eigenvectors of M; = Tp; T[I]l

V~t = matrix of common eigenvectors of M/ = T[il Tii -

12



Decomposition of multilinear tensors

TeK"K?gK? = [T[ 1 pencil of n3 matrices of size n; x ny.

For TG]K'@)K’ K",
T= ZU@) V; ® W, with U, V € K™, W € K™

iff T[]7Udla’g( Ila"'aVVi,r)\/tL I € 1l:ng
If Tjy inv., U = matrix of common eigenvectors of M; = Tp; T[I]l
V~t = matrix of common eigenvectors of M/ = T[il Ti -
Decomposition (when To =", /; Tii invertible):
o Compute the common eigenvectors U of M; = Tj; 7—071 for To = 32 i Tiy:

o Deduce the common eigenvectors V'Y = T, LU of M! = To_lT[,-] and
dlag( lla"-a l,r) — UT[,]V t, 12



Tensor extension




Degree extension of tensors

Definition
For F € Sy and d’ > d, F € Sy is a degree-d’ extension of F if there
exists xp € S1, xg # 0 s.t.

F=x{"9F+R

with deg, R < d’ — d.

13



Degree extension of tensors

Definition
For F € Sy and d’ > d, F € Sy is a degree-d’ extension of F if there
exists xp € S1, xg # 0 s.t.

F—x?9F + R

with deg, R < d’ — d.

o F(x) = (dld_,]d)! 8;’()’_dlz_(x) (homogeneous polynomials)

13



Degree extension of tensors

Definition
For F € Sy and d’ > d, F € Sy is a degree-d’ extension of F if there
exists xp € S1, xg # 0 s.t.

F=x{"9F+R

with deg, R < d’ — d.

= F(x) (g d)! 3", IF(x) (homogeneous polynomials)

ey dll
w fr= (I 9% F* (apolar duality)

d" XO

13



Degree extension of tensors

Definition
For F € Sy and d’ > d, F € Sy is a degree-d’ extension of F if there
exists xp € S1, xg # 0 s.t.

F—x?9F + R

with deg, R < d’ — d.

o F(x) = (dl_,d)! 8"""/5( ) (homogeneous polynomials)
= d/d_,!d)! Y (apolar duality)
= Set “xg =
i: l:_lf@:l € (57)1x0=1 = Klyl<d (dual monomials)
= F|f<0 1 € (S3)1xo=1 = Klyl<a

Fy) = f(y) + (y)** 13



Flat extension of Hankel matrices

For (monomial) setsb C ¢, b’ C ¢/, b=c\b, b =c \ b’

14



Flat extension of Hankel matrices

For (monomial) setsb C ¢, b’ C ¢/, b=c\b, b =c \ b’

b ] Flat extension when

! b bl
rank ch;c = rank HY

14



Flat extension of Hankel matrices

For (monomial) setsb C ¢, b’ c ¢, b=c\b, b =c \ b

Flat extension when

rank Hf:’c/ = rank Hl;’bl
Definition
For F € Sy, d' > d, F € S¥ is a flat extension of F of rank r if 3
X0 € S1,
o Fis a xg degree-d’ extension of F

e b C (x0) NSk, b" C (x0) N Sy— of size r s.t.

’ ’_
rank Hg’b = rankHE’d k—

14



Definition: For b C xg - Sy_1 and bt := xglx - b, we say that b is
Xp-connected if xg €band xime b= xyme<b.

Theorem

Let F €S}, 4, bCxo-Sg—1,b" Cxo-Sq_1 xo-connected and ¢ O b*,c’ D b'*.

Assume H,'f-’bl invertible with |b| = |b’| = r. The following points are equivalent:

e HEC s a flat extension of HY" .
b.x: —lb/ ’
o The operators M; := Hp™® ° (HE*)~! commute.
In this case, F is called an extensor of F.

[Brachat-Comon-M-Tsigaridas'10; Brachat-Bernardi-Comon-M'11; Laurent-M’09]

15



Definition: For b C xg - Sy_1 and bt := xglx - b, we say that b is
Xp-connected if xg €band xime b= xyme<b.

Theorem
Let F €S}, 4, bCxo-Sg—1,b" Cxo-Sq_1 xo-connected and ¢ O b*,c’ D b'*.

Assume Hg’bl invertible with |b| = |b’| = r. The following points are equivalent:
o H,CE’CI is a flat extension of Hg’b/.
e The operators M; := H,E’X"X‘;lbl(H,'E’b')*1 commute.

In this case, F is called an extensor of F.

[Brachat-Comon-M-Tsigaridas'10; Brachat-Bernardi-Comon-M'11; Laurent-M’09]

Theorem

F € Sy is of rank r iff there exists a flat extension F € Sy of F of rank r
withd' = m+m', m=max{r — 1,[9]}, m’ = max{r, | 4]}}.

[Bernardi-Brachat-M'11; Buczynska-Buczynski'11]

15



If F is a flat extension of F of rank r, then

=

| := (ker Hé’d,_k) zero-dimensional of degree r.
I € (F1) is apolar to F.
If Ve(1) = {&,...,&} and [ is radical, then F = 3°7_ €%,
If V(1) = {&1, - - -, &~} and the local inverse system of [ at &; is
“generated” by w; € Sy then F =>"7 §?d*d" w;
(General Additive Decomposition [larrobino-Kanev'99]).
db C Sm, X € 51, b’ C X0 - Smlfl, |b| = |b/| = r s.t. rank H:;_’b =r
3 U,V e K™ invertible, ¥; € K" diagonal s.t.
w1/

E_’X'XO L UxX;Vv forie€ln
IF = E;’:l Wi §;§§d with §,’ = ((zj)i,i)jel:n: i € 1:I’1
b,xjx; b’/ b b’y _1
7 (H:™)

= evaluation e, at &; for i € 1:r (up to scaling)

U = common eigenvectors of M; := H

. N b, . 71b/
V=1 = common eigenvectors of M/ := (H,t;’b )TIHT
= interpolation polynomials at &1, ...,&, (up to scaling) 16



Let F € S*(C3) with rankF = 4 with 4 generic points &1, ...,&, e.g.
F =x0" + (x0 + x1)* + (x0 + x2)* + (x0 + x1 + x2)*
:4x3 + 8X3X1 + 8ng2 + 12x§x12 + 12xg><1x2 + 12x§x22 + 8x0><12 + 12X0X12X2 + 12x0x1x22

+ 8X0x23 + 2Xf + 4X13X2 + 6X12X22 + 4X1x§ + 2x§1

17



Let F € S*(C3) with rankF = 4 with 4 generic points &1, ...,&, e.g.

F =x0" + (x0 + x1)* + (x0 + x2)* + (x0 + x1 + x2)*
:4x3 + 8X3X1 + 8ng2 + 12x§x12 + 12xg><1x2 + 12x§x22 + 8x0><12 + 12X0X12X2 + 12x0x1x22

+ 8X0x23 + 2Xf + 4X13X2 + 6X12X22 + 4X1x§ + 2x§1

> Let hy = rankHZ ** for 0 < k < 4:

h = [1?374737 1]

17



Let F € S*(C3) with rankF = 4 with 4 generic points &1, ...,&, e.g.
F =x0" + (x0 + x1)* + (x0 + x2)* + (x0 + x1 + x2)*

:4xg + 8X3X1 + 8ng2 + 12x§x12 + 12xg><1x2 + 12x§><22 + 8x0><12 + 12X0X12X2 + 12x0x1x22

+ 8X0x23 + 2Xf + 4X13x2 + 6X12X22 + 4X1x§ + 2x§1

> Let hy = rankHZ ** for 0 < k < 4:

h = [1737 47 37 1]
2.2 i
» Ho := Hp” of rank 4:
4 2 2 2 1 2
2 2 1 2 1 1
H22 _ 2 1 2 1 1 2
F =12 2 1 2 1 1
11 1 1 1 1
2 1 2 1 1 2

> Fs- = ker Hp = (g1, q2) C S?, e.g.
g1 = XoX1 — X123 q> = XoX2 — X22

and V(q1, q2) = {£1,62, 83, &4} 17



= We find an extensor F € S°(C3) such that xp x F = F with

)
H::Hé’s’:[Ho Hl}

2,2 1l _ .

where Hy = H,_— St P = ker H D (ql o (Xo,Xl,Xz) aF @R ° (Xo,X17X2)>.

0 0 0 0 0 0 ]

1 0 0 0 0 0

0 1 0 0 0 0

-1 0 1 0 0 0 Ro

P 0 0 0 1 1 0 _

0 -1 0 0 0 1

0 0o [ -1 o 0 0

0 0 0o -1 0 0 R

0 0 0 0 -1 o0

0 0 0 0 0o -1 ]

with HQRQ + H1R1 =0.



= We find an extensor F € S°(C3) such that xp x F = F with

)
H::Hé’s’:[Ho Hl}

2,2 1l _ .

where Hy = H,_— St P = ker H D (ql o (Xo,Xl,Xz) aF @R ° (Xo,X17X2)>.

0 0 0 0 0 0 ]

1 0 0 0 0 0

0 1 0 0 0 0

-1 0 1 0 0 0 Ro

P 0 0 0 1 1 0 _

0 -1 0 0 0 1

0 0o [ -1 o 0 0

0 0 0o -1 0 0 R

0 0 0 0 -1 o0

0 0 0 0 0o -1 ]

with HQRQ + H1R1 =0.
w Hy = —HoRoR}.



= We find an extensor F € S°(C3) such that xp « F = F with
HZ:HE’?’:I:HO H1:|

where Hy = H§’2, s.t. ~3L =ker H D (g1 - (x0,x1, %2) + q2 - (X0, X1, %2)):

0 0 0 0 0 0
1 0 0 0 0 0
0 1 0 0 0 0
= 0 1 0 0 0 Ro
P 0 0 0 1 1 0 _
0 -1 0 0 0 1
0 0o [ -1 o 0 0
0 0 0o -1 0 0 R
0 0 0 0 -1 o0
0 0 0 0 0o -1 ]

with HQRQ + H1R1 =0.
w Hy = —HoRoR}.

1 Deduce by eigenvector comp. from H of rank 4, the decomposition with
& =[1:0:0],&2=[1:1:0],&3= Fl,O,l],& =[1:1:1]:

4 2 2 2 1 2|2 1 1 2
2 2 1 2 1 1|2 1 1 1
H— 2 1 2 1 1 2|1 1 1 2
2 2 1 2 1 1|2 1 1 1
11 1 1 1 1|1 1 1 1
2 1 2 1 1 2|1 1 1 2



Symmetric tensor of order 4, rank 6 in 3 variables

19



Symmetric tensor of order 4, rank 6 in 3 variables

The tensor:

T =79 x0x; + 56 X§X22 + 49 x2x3 + 4 xox1 X5 + 57 xgxl.

19



Symmetric tensor of order 4, rank 6 in 3 variables

The tensor:

T =79 x0x; + 56 xgxz2 + 49 x2x3 + 4 xox1 X5 + 57 xgxl.

The 15 x 15 Hankel matrix:

r 1 X1 X x12 X1 X0 ><22 ><13 x12 Xp X1 ><22 x23 xf x13 X ><12 ><22 X1 ><23 xg T
1 0 o 0 9 0 % z 0 4%9 0 0 0 2 0 0

x1 Z 0 0 i3 0 3 0 0 % 0 hsoo  hato hso  h23o  hiao
x 0 0 % 0 1 0 0 e 0 0 haio h3o  h2zo  hiao hoso
3 0 2 0 0 0 % hsoo  hao hso Mz heoo  hsio hao hsso  hoao
xixp | 0 0 1 0 » 0 hato  hsao  hazo  hiao hsio hao hszo hoao hiso
X3 % 3 0 2 0 0 h3o  h2zo  hiao  hoso  hao  hszo hoao hiso hoso
7 2 0 0 hsoo  hato h32o  heoo  hsio hazo P30 h7oo  heio  hs2o  hazo  hsao
xix | 0 0 = haio hzo  h2zo  hsio hapo  h3zo  hoao  heio  hspo  hazo hsao  hoso
xaxg | 1 e 0 h3o  hp3o  hao hao  h3zo hoao hiso hsao hazo hsao haso hieo
3 0 0 0 ha3o  hiso  hoso  h3zo  hoao  hiso hoso  haso  hsao  haso hieo  horo
X 0 hsoo  haio  heoo  hsio  ha2o  h7oo  heio  hsoo  haso hsoo  h7io heo  hsao  haso
xpxp | O hgo  hwo  hsio hao  hsso e hsao haso haao  hrio he2o hsso haao  hsso
2 | 2 ho  hso  hao hsso haao hsao haso hsao haso he2o hsso haso hsso  hago
xx3 | O hyso  hao  hsso  hao  hiso  haso hao  hoso hwo  hsso haso hsso haso  hizo

L x5 0 hiao  hoso  haao  hiso  hogo  hzao  haso  hieo  horo  haso  hsso  haeo  hizo hoso J
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» Extract a (6 x 6) principal minor of full rank:

The columns (and the rows) of the matrix correspond to the monomials

am

wRo o oxgo

w- osFo oslg

cwrouwRo o

oo o osfdo

ool owro o

© ool oww®

B = {1,x1,x, 52, x1%, x2}. The shifted matrix Hfl’f, is

The columns of the matrix correspond to the monomials of x; - B.

Similarly,

wr orFo oslg

cuwrouwo o

oo o oxdo

ool owro o

ool owr o o

o oolf owrwy

9
7
0

0
hsoo
ha1o
h320

49

ha10
h320
ha3o

49

6
ha1o

h320
h230

o olBwi—

h320
h230
h140

h230
h1ao
hoso
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» Solve the commutation equations the unknonws hsgg, hs10, h320, h230, h140, hoso

MM — MM =y .o Hy'Heg. o Hy ' — He.o Hy DHe .o By = 0.
A solution of the system is:

h500 = 1, h410 = 2, h320 = 3, h230 = 1.5060, h140 = 4.960, h050 = 0.056.
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» Solve the commutation equations the unknonws hsgg, hs10, h320, h230, h140, hoso

MM — MM =y .o Hy'Heg. o Hy ' — He.o Hy DHe .o By = 0.
A solution of the system is:
hsoo = 1, ha10 = 2, h3po = 3, ha30 = 1.5060, h140 = 4.960, hoso = 0.056.

» Substitute in o and solve the generalized eigenvalue problem
(Hq.o —CH,)v =0.
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» Solve the commutation equations the unknonws hsgg, hs10, h320, h230, h140, hoso

MM — MM =y .o Hy'Heg. o Hy ' — He.o Hy DHe .o By = 0.
A solution of the system is:
hsoo = 1, ha10 = 2, h3po = 3, ha30 = 1.5060, h140 = 4.960, hoso = 0.056.

» Substitute in o and solve the generalized eigenvalue problem
(Hg.o — CH,)v = 0.The normalized eigenvectors are

1 1 1 1 1 1
—0.830 + 1.593 —0.830 — 1.593/ 1.142 0.956 —0.838 +0.130/ —0.838 — 0.130/
—0.326 — 0.0501 i —0.326 + 0.050 / 0.836 —0.713 0.060 + 0.736 i 0.060 — 0.736 i
—1.849 — 2.645i | '| —1.849 +2.645/ | ’ [1.305| ' | 0.914 | ’| 0.686 — 0.219/ | '| 0.686 + 0.219/
0.350 — 0.478/ 0.350 + 0.478 i 0.955 —0.682 —0.147 — 0.610/ —0.147 + 0.610/
0.103 + 0.0327 i 0.103 — 0.032 0.699 0.509 —0.539 + 0.089 / —0.539 — 0.089/

As the coordinates of the eigenvectors correspond to the evaluations of
{1,x1, 2, x2, x1%2, X3 }, We can recover the values of (xi, x2).
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» Solve the commutation equations the unknonws hsgg, hs10, h320, h230, h140, hoso

MM — MM =y .o Hy'Heg. o Hy ' — He.o Hy DHe .o By = 0.
A solution of the system is:
hsoo = 1, ha10 = 2, h3po = 3, ha30 = 1.5060, h140 = 4.960, hoso = 0.056.

» Substitute in o and solve the generalized eigenvalue problem
(Hg.o — CH,)v = 0.The normalized eigenvectors are

1 1 1 1 1 1
—0.830 + 1.593 —0.830 — 1.593/ 1.142 0.956 —0.838 +0.130/ —0.838 — 0.130/
—0.326 — 0.0501 i —0.326 + 0.050 / 0.836 —0.713 0.060 + 0.736 i 0.060 — 0.736 i
—1.849 — 2.645i | '| —1.849 +2.645/ | ’ [1.305| ' | 0.914 | ’| 0.686 — 0.219/ | '| 0.686 + 0.219/
0.350 — 0.478/ 0.350 + 0.478 i 0.955 —0.682 —0.147 — 0.610/ —0.147 + 0.610/
0.103 + 0.0327 i 0.103 — 0.032 0.699 0.509 —0.539 + 0.089 / —0.539 — 0.089/

As the coordinates of the eigenvectors correspond to the evaluations of
{1,x1, 2, x2, x1%2, X3 }, We can recover the values of (xi, x2).

» Solve the over-constrained linear system to obtain the weights:

(0.517 + 0.044 /) (xo — (0.830 — 1.593 &

)

+(0.517 — 0.044 /) (xo — (0.830 + 1.593/)x; — (0.326 — 0.050 i)x2)
42.958 (xp + (1.142)x1 + 0.836x2)"

)

)

x1 — (0.326 + 0.050 i)xp
4

+4.583 (xg + (0.956)x; — 0.713xp)"
—(4.288 + 1.1197) (xo — (0.838 — 0.130 i)x1 + (0.060 -+ 0.736 i)x,
—(4.288 — 1.1197) (xg — (0.838 + 0.130 i)x; + (0.060 — 0.736 i)xz)"

4
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Dimension extensions of multilinear tensors

Definition
> T e K" @ K @ K™ is a dimension-extension of T € K™ @ K™ @ K" if
T;

1i2yis — iy, for ip € 1:ny, b € Liny, i3 € 1:n3

» T is a dimension-extensor of T if rankT = rankT.
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Dimension extensions of multilinear tensors

Definition

> T e K" @ K @ K™ is a dimension-extension of T € K™ @ K™ @ K" if

7_,'17,'27,'3 = Tl for i € 1:ny, b € 1:ny, i3 € 1:n3

» T is a dimension-extensor of T if rankT = rankT.

Theorem (Strassen’83)

A tensor T € K™ @ K™ @ K™ s of rank r > max(n;) iff there exists an extensor
TEK @K ®K™ of T s.t.

71[,] = UZ,‘ vt for i € 1:ns,

with U,V invertible and ¥; diagonal.
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Dimension extensions of multilinear tensors

Definition
> T e K" @ K @ K™ is a dimension-extension of T € K™ @ K™ @ K" if
NTilJ2J3 E
» T is a dimension-extensor of T if rankT = rankT.

= Ti i, for it € 1:nq, b € 1inp, i3 € Lins

Theorem (Strassen’83)

A tensor T € K™ @ K™ @ K™ s of rank r > max(n;) iff there exists an extensor
TEK @K ®K™ of T s.t.

71[,] = UZ,‘ vt for i € 1:ns,
with U,V invertible and ¥; diagonal.

Such an extensor T of T can be obtained by completing U € K™*", V/ € K"
such that T = Z, U; ® V; ® W; by generic matrices:

~ %4
o] -

U= V!
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Dimension extensors for symmetric tensors

Definition
» For E=K" E'=K",n >n Fc S9(E") is a dimension-extensor of
F € SY(E) if there exists 7 : E' — E projection s.t. F = 7®9(F)
» F is a dimension-extensor of F if rankF = rankF.
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Dimension extensors for symmetric tensors

Definition
» For E=K" E'=K",n >n Fc S9(E") is a dimension-extensor of
F € SY(E) if there exists 7 : E' — E projection s.t. F = 7®9(F)
» F is a dimension-extensor of F if rankF = rankF.

= F(xy,...,%,) = F(x1,...,%,0,...,0)

Theorem
F € SY(E) is of rank < r iff there exists a space extensor F € SY(E’) of F,

b C SK(E'),b' C (x) N S¥(E"), U,V e K" invertible and =; e K"
diagonal s.t.

b,x/x ‘b’ .
Hﬁ’X'XO = U,V ieln

23



The connection with the Hilbert scheme

I ideal of S = K[X] D = |+ C S* stable by x; * -
| defines r points < D of dimension r € Grass,(S%)
(with multiplicity)
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The connection with the Hilbert scheme

I ideal of S = K[X] D = I+ c S*, stable by x; % -
| defines r points = D of dimension r € Grass,(S*)
(with multiplicity)
Hilbert scheme
Hilb"(P") = set of homogeneous saturated ideals | C S = K][xg, .. ., Xa]
such that / defines r points, counted with mult. (i.e. A= R/[ of
dimension r).
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The connection with the Hilbert scheme

I ideal of S = K[X] D = I+ c S*, stable by x; % -
I defines r points = D of dimension r € Grass,(S*)
(with multiplicity)
Hilbert scheme
Hilb"(P") = set of homogeneous saturated ideals | C S = K]xp, . . ., xp]
such that / defines r points, counted with mult. (i.e. A= R/[ of

dimension r).

| € Hilb"(P") represented by Ipl € Hilbj, its orthogonal in degree
p>r—1
I,j‘ =11 A Ay € Gri(S))

such that x;*lpﬁrl C lpl for i € 1:n.

w Hilb"(P") C Gr,(S;) CP(A"S]) for p > r—1
24



Points in Gr,(S})

={UA---ANU,U €5} CP(A"S))

= M°(r,sm)/r: U~ U iff3G €, 5t. U=GU

= St(r,5m)/O,: U,U" € St(r,sn,) = {UU" = I} (Stiefel manifold)
U~ U iff30€ 0, st. U=0U'".

Pliicker coordinates: A,(U) = det (U p)) for b= {bj,,..., b;} a r-tuple of a
(monomial) basis {b,..., bs,} of Sp.
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Points in Gr,(S})

={UA---ANU,U €5} CP(A"S))

= M°(r,sm)/r: U~ U iff3G €, 5t. U=GU

= St(r,5m)/O,: U,U" € St(r,sn,) = {UU" = I} (Stiefel manifold)
U~ U iff30€ 0, st. U=0U'".

Pliicker coordinates: A,(U) = det (U p)) for b= {bj,,..., b;} a r-tuple of a
(monomial) basis {b,..., bs,} of Sp.

Points in Hilb]": For an ideal | C S defining r points (c.w.m.)

w(b) - wi(bs) oo cas
s U=lz=| = - |I= :
v(b) - wi(bs) oo ane
where {v1,...,v,} is a basis of /.

e b C S, is a basis of S,/ 1, iff Ap(U) # 0.

defining the normal form p — N(p) :=>__, vi(p)b; (=p mod /)
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Local description of the Hilbert Scheme

A covering of Hilb"(P"):
Hilby" = {/ € Hilb]" | b basis of A = S,/ Im i.e. Ap(l5) # 0}
for b a set of r xg-monomials connected.

Theorem

Hilby' is isomorphic to the set of all v = (V§) acop xsep Such that the
operators of multiplication M,.(v) : b € (b) — N(x;b) € (b) commute:

Mx,-(”) © MX,-(V) - MXj(V) © Mx,-(V) =0
where

N(x*) = Z,/g x5 for x* € 6b = b \ b, N(x’@) = xB forx® € b
Beb

w M, (v) = Ul;lUX,..b where U € K™% is representing /-

[Alonso-Brachat-M'10]
26

See also [Bertone-Cioffi-Lella-Marinaria-Roggero’11,13; Kreuzer-Robbianno’11;Lederer'11; Brachat-Lella-M-Roggero'14]



For F =Y, wi¢®? and F a degree-(m + m') extensor of rank r
(F* =3"_, wieg), with w; € K\ {0} and & € K" distinct, m, m’ > r.
Let D =I5 € Hilb’, be the element associated to F.
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chr F=3"_, wi&? and F a degree-(m + m') extensor of rank r
(F*=>"7_1 wieg), with w; € K\ {0} and & € K" distinct, m, m’ > r.
Let D = I, € Hilb}, be the element associated to F.

o Dze[f'l”]/\~~~Ae[£m]
of the Veronese variety V' = {(£%)a|=m, & € C"} C S

s.t. the evaluation e

[gm] is a point

i
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For F =", w;¢% and F a degree-(m + m’) extensor of rank r
(F* =3"_, wieg), with w; € K\ {0} and & € K" distinct, m, m’ > r.
Let D = I, € Hilb}, be the element associated to F.

e D= e[gln] Ao A e[;’] s.t. the evaluation e[fm] is a point
of the Veronese variety V' = {(£%)a|=m, & € C"} C S

e D=im H'FI"""/ € Gr,(Sy) for m > reg(&,...,&).
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For F =", w;¢% and F a degree-(m + m’) extensor of rank r
(F* =3"_, wieg), with w; € K\ {0} and & € K" distinct, m, m’ > r.
Let D = I, € Hilb/, be the element associated to F.

e D= e[ET] Ao A e[;’] s.t. the evaluation e[Em] is a point
of the Veronese variety V' = {(£%)a|=m, & € C"} C S

e D=im H'FI"""/ € Gr,(Sy) for m > reg(&,...,&).

o D= U where HI'™ = UZ1V* is the SVD decomposition with
Ut € St(r,sm), V € St(r,sm), sk =dim(Sk), Yl = diag(o1,...,0,).
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For F =Y, wi¢®? and F a degree-(m + m') extensor of rank r
(F* =3"_, wieg), with w; € K\ {0} and & € K" distinct, m, m’ > r.
Let D = I, € Hilb, be the element associated to F.

e D= e[ET] Ao A e[;’] s.t. the evaluation e[Em] is a point
of the Veronese variety V' = {(£%)a|=m, & € C"} C S

e D=im H'FJ"""/ € Gr,(Sy) for m > reg(&,...,&).
o D= U where HI'™ = UZ1V* is the SVD decomposition with
Ut € St(r,sm), V € St(r,sm), sk = dim(Sy), X1 = diag(oy,...,0,).

e For U € K" representing D € Hilb,, and b an r-tuple of (xg) N Sy with
Uy, invertible,
= The common eigenvectors of [(Ub)’lUXin;lb,];el;,, are the
interpolation polynomials at & (up to scaling)
=  The common eigenvectors of [er_xoqb(Ub)*l],-El;n are the evaluations

e[;:] (up to scaling)
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Connection with the variety of commuting matrices

Definition (Commuting matrices)
» E=K"
> Vor = {D = (Mo,..., My, w) € (end(E))™ x E | M;M; — M;M; = 0}
» D €Vt if thereis no S C E such that M;(S) C S, we S
> M, =V, /Gl

Property: M, , ~ Hilb.(P"),
DGMn,r'_)I:{P€5|p(Mo,...,Mn)W:O}

F € Sy of rank r =+ D = (Mo, ..., Ma, w) € M, , where M; = Hy *H;
and w = xg".
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Thanks for your attention
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