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Abstract. This is a preliminary report on topics discussed during the semester
program AGATES: Algebraic Geometry with Applications to Tensors and Secants.
The purpose of this report is to discuss the method of moments and identifiability of
Gaussian mixture models. The proof of Theorem 3.2 was given by Fulvio Gesmundo
and Nick Vannieuwenhoven.

1. Introduction

A fundamental problem in statistics is to estimate a density from samples. This
problem is called density estimation and formally it asks, “Given n samples from an
unknown distribution p, can we estimate p”? Often, one assumes the density p lies in
a parameterized family of densities. One family, known as Gaussian mixture models,
are a popular choice due to their broad expressive power.

Theorem 1.1. [5, Chapter 3] A Gaussian mixture model is a universal approximator
of densities, in the sense that any smooth density can be approximated with any specific
nonzero amount of error by a Gaussian mixture model with enough components.

Theorem 1.1 is a major motivation of the study of Gaussian mixture models. These
statistical models appear in many applications from the modeling of geographic events
[15], the spread of COVID-19 [13], the design of planar steel frame structures [4],
speech recognition [11, 14, 12], image segmentation [3] and biometrics [7].

A Gaussian random variable, X ∼ N (µ, σ2), has a probability density function

f(x|µ, σ2) =
1√
2πσ2

exp

(
−(x− µ)2

2σ2

)
,

where µ ∈ R is the mean and σ ∈ R>0 is the standard deviation. A random variable
X is the mixture of k Gaussians if its probability density function is the convex
combination of k Gaussian densities. Here we write X ∼

∑k
ℓ=1 λℓN (µℓ, σ

2
ℓ ) where

µℓ ∈ R, σℓ ∈ R>0 for all ℓ ∈ [k] = {1, . . . , k} and (λ1, . . . , λk) ∈ ∆k−1 = {λ ∈ Rk
>0 :∑k

i=1 λi = 1}. Each λℓ, ℓ ∈ [k], is the mixture weight of the ℓth component.
The following problem is fundamental in statistics.

Problem 1.2. Given samples, y1, . . . , yN , distributed as the mixture of k Gaussian
densities, recover the parameters µi, σ

2
i , λi for i ∈ [k].

Problem 1.2 is called parameter recovery for Gaussian mixture models. There are
many techniques to address this problem, this note focuses on one technique known
as the method of moments.
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2. Method of moments

One method for parameter recovery is the method of moments. This is a classical
approach for parameter estimation based on the law of large numbers. This approach
uses the fact that the moments of parameterized families of densities are functions of
these parameters.

Let f : R → R be the probability density function of a random variable X. For
r ≥ 0, the r−th moment of X is

mi = E[Xr] =

∫
R
xrf(x)dx.

We consider a statistical model with n unknown parameters, θ = (θ1, . . . , θn), and
consider the moments up to order d as functions of θ, g1(θ), . . . , gd(θ).

Assume y1, . . . , yN are independent samples from the same distribution. The rth
sample moment is given by

mr =
1

N

N∑
i=1

yri .

The method of moments works by using samples from the statistical model to
calculate sample moments m1, . . . ,md, and then solve the corresponding system mi =
gi(θ), i = 1, . . . , d, for the parameters θ1, . . . , θn.

The moments of Gaussian distributions are polynomials in the variables µ, σ2 and
can be calculated recursively as M0(µ, σ

2) = 1,M1(µ, σ
2) = µ and

(2.1) Mi(µ, σ
2) = µMi−1 + (i− 1)σ2Mi−2, i ≥ 2.

We calculate the ith moment of a mixture of k Gaussian densities, mi, as the convex
combinations of Mi(µ1, σ

2
1), . . . ,Mi(µk, σ

2
k):

mi = λ1Mi(µ1, σ
2
1) + . . .+ λkMi(µk, σ

2
k).(2.2)

Example 2.1. When k = 2, the first six moments of a Gaussian mixture model are:

1 = λ1 + λ2

m1 = λ1µ1 + λ2µ2

m2 = λ1(µ
2
1 + σ2

1) + λ2(µ
2
2 + σ2

2)

m3 = λ1(µ
3
1 + 3µ1σ

2
1) + λ2(µ

3
2 + 3µ2σ

2
2)

m4 = λ1(µ
4
1 + 6µ2

1σ
2
1 + 3σ4

1) + λ2(µ
4
2 + 6µ2

2σ
2
2 + 3σ4

2)

m5 = λ1(µ
5
1 + 10µ3

1σ
2
1 + 15µ1σ

4
1) + λ2(µ

5
2 + 10µ3

2σ
2
2 + 15µ2σ

4
2)

Using (2.1), we also define the Gaussian moment variety G1,d ⊂ Pd to be the
projective closure of the image of the map

ϕ : C2 → Cd

(µ, σ2) 7→ (M1, . . . ,Md)
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where Mi is as defined in (2.1). This variety was first defined in [1] and if we restrict
in source of ϕ to R×R>0, it parameterizes the first d moments of all Gaussian mixture
densities.

3. Identifiability

A fundamental question when applying the method of moments is how many mo-
ments does one need to uniquely recover the parameters of the density? This is the
question of identifiability and is a fundamental question in statistics. It was shown in
[9] that every Gaussian k-mixture model is identifiable using moments m1, . . . ,m4k−2.
Moreover, there exist Gaussian mixture models where one needs moments up to order
4k − 2 to identify it. For example, consider a Gaussian k mixture model where all
means µ1 = µ2 = . . . = µk = 0. In this case, all odd order moments are identically
zero and one needs moments of order 4k−2 to uniquely identify this Gaussian mixture
model.

A looser question than asking how many moments one needs to uniquely every
Gaussian mixture model, is to ask how many moments one needs to identify a generic
Gaussian mixture model. We provide an answer to this question using the following
recent result from algebraic geometry.

Theorem 3.1. [10, Theorem 1.5] Let X ⊂ PN be an irreducible and non-degenerate
variety of dimension n, h ≥ 1 an integer and assume that

(1) (h+ 1)n+ h ≤ N
(2) X has non-degenerate Gauss map
(3) X is not (h+ 1)−defective,

then X is h−identifiable.

Recall that for an n dimensional projective variety X ⊂ PN , the Gauss map of X
is a rational map from smooth points of X, X̃, to the Grassmanian Gr(n,N) which
maps a smooth point x ∈ X̃ to its tangent space TxX:

γ : X̃− → Gr(n,N)

x 7→ TxX

Theorem 3.2. A generic Gaussian k mixture model is identifiable using moments
m0,m1, . . . ,m3k+2.

Proof. We verify that the conditions of Theorem 3.1 hold when X = G1,3k+2. For
item (1) observe that X ⊂ P3k+2, is two dimensional so (h+1) · 2+ h ≤ 3k+2 when
h = k.

Next we show X has non-degenerate Gauss map. Degeneracy of projective surfaces
was classified in [6, Section 2] and [8, Theorem 3.4.6], where it was shown that the
Gauss map of a projective surface is degenerate if and only if it is one of the following:

(a) a linearly embedded P2;
(b) a cone over a curve;
(c) the tangential variety to a curve.
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X is not a linearly embedded P2 since for k ≥ 2, it is of degree
(
3k+2
2

)
> 1 [1,

Corollary 2], meaning it is a non-linear surface. By [2, Theorem 1] X is not the cone
over a curve. Finally, X is not the tangential variety to a curve since the singular locus
of the tangential variety of a curve includes the curve. In this case, X has singular
locus defined by the line {m0 = 0, . . . ,md−2 = 0}. Since the tangential variety of a
line is the line itself, this means that if X were to be the tangential variety it would
have to be a line, not a surface, which is a contradiction. This shows that X has
non-degenerate Gauss map.

Finally, by [2, Theorem 1] X is not (3k + 3)−defective proving the result. □
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dation Award No. 663281 granted to the Institute of Mathematics of the Polish
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[1] Carlos Améndola, Jean-Charles Faugère, and Bernd Sturmfels. Moment varieties of Gaussian
mixtures. J. Algebr. Stat., 7(1):14–28, 2016. 3, 4
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